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Introduction 

One of the general approaches to description of C*-algebras consists in realiza- 
tion of them as "functions" on dual space. All C*-algebras having the irreducible 
representations in dimension less or equal to some natural n, usually can be realized 
by n X n-matrix- functions with some boundary conditions. The special case of such 
C*-algebras is given by homogeneous algebras - ones having all irreducible repre- 
sentations in the same dimension n. The description of homogeneous C*-algebras 
in terms of fibre bundles was obtained in 4 . 13^ (see Statement 3 below). The anal- 
ogous description for all C* -algebras having irreducible representations in different 
dimensions less or equal to natural n was presented in jl4j . 

The homogeneous C*-algebras whose spectra are tori T2, (see ^) and sphere 
(see PP) were studied by means of classification corresponding algebraic bun- 
dles. The concrete example of non-homogeneous C*-algebra is given by C*-algebra 
generated by the free pair of projections (see jl5|'l. 

In the present paper we consider wide class of non-homogeneous F2„-C*-algebras 
and give a realization of algebras from this class in terms of matrix functions with 
boundary conditions. 

1. Preliminaries 

Let us recall some preparatory facts, definitions and notation, which will be used 
below. 



1.1. Enveloping C*-algebras. In this paper we study finitely presented C*-algebras. 
By finitely presented C*-algebra we mean an enveloping C*-algebra for finitely pre- 
sented ^-algebra. 

Definition. Let A be a ^-algebra, having at least one representation. Then 
a pair {A, p) of a C*-algebra A and a homomorphism p : A — > A is called an 
enveloping pair for A if every irreducible representation 7r:A — > B{H) factors 
uniquely through the A, i.e. there exists precisely one irreducible representation tti 
of algebra A satisfying tti o p = tt. The algebra A is called an enveloping for A. 
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1.2. F2n - algebras. Since all C*-algebras considered below are examples of F2„- 
C*-algebras, we recall here the definition and basic properties of algebras satisfying 
the polynomial identity. Let Fn denotes the following polynomial of degree n 
in n non-commuting variables: 

Fn{xi,X2, ...,Xn)= ^ {-lf'^'''>X^i^i) . . .X^(„), 

cres„ 

where Sn is the symmetric group of degree n, p{a) is the parity of a permuta- 
tion a G Sn- We say that an algebra A is an algebra with F„ identity if for 
all Xi, . . . , Xn & A, we have Fn{xi, . . .x„) = 0. The Amitsur-Levitsky theorem 
says that the matrix algebra M„(C) is an algebra with i^2n identity. Moreover, 
C*-algebra A has irreducible representations of dimension less or equal to n iff A 
satisfies the i^2n condition (see ^Ol)- An important class of _F'2n-C'*-algebras is 
formed by rt-homogeneous algebras - ones having all irreducible representations of 
dimension n. The simplest example of n-homogeneous C*-algebra is 2 x 2-matrix 
algebra over C{X), where X is a compact Hausdorff space - it is so-called trivial 
algebra. In this case the dual space (space of primitive ideals, see 0) is canonically 
homeomorphic to X. Simple example of non-homogeneous C*-algebra is given by 
"fixing" the homogeneous algebra above in a point xq X. Namely, consider 

A{xo) = {fe C{X ^ Af2(C))|/(a;o) £ Afi(C) ® Mi(C)} . 

The dual space P{A{xo)) of algebra A{xo) is T2UT1, where T2 is the space of irre- 
ducible 2-dimensional representations, homeomorphic to X\ {xq} and Ti = {x'q, Xq} 
is the space of 1-dimensional representations. Here the bases of neighborhoods of 
the points x'q and Xq are the same as for the xq in X, i.e. we have the space satisfying 
To but not Ti separability axiom (such spaces sometimes are called quasicompact). 

The description above can be easily generalized, for example taking n > 2: 

A{xo) = {/ e CiX M„(C))|/(xo) e M„,(C) ® . . . © Af„,(C)} , 

or "fixing" a homogeneous C*-algebra in a few points. Studying some examples 
below, we will describe dual spaces in terms of algebras 

A / (1) (1) (2) (2) (3) (3)n 

= {/ e C{S'' Af„(C))|/(a;,) G M (o(C) © ... © M w(C), x, ^ S\ i = 1, 2, 3}, 

"'1 '"fcj 

where xi,X2,x^ G S"^ are fixed points (it can be checked that the different triples 
xi,X2,xz give isomorphic algebras). 

Finitely presented C*-algebras are mostly non-homogeneous. Below we present 
some important examples of such algebras. 

Example 1. Main examples of the paper concern *-algebras (C*-algebras) associ- 
ated with extended Dynkin diagrams D4, Eq, Ft, Eg, see JBl, for details. Below we 
recall how these algebras are defined by generators and basic relations: 
C*{Ih) = C*{pi,p2,P3,P4\pi +P2+P3+P4 = 2e, p* ^pf.i^ 1,4), 
C*{Ee) = C*{pi,p2,qi,q2,ri,r2\pi + 2p2 + qi + 2g2 + ri + 2r2 = 3e, 
P* ^JPi =phli = % = q^r* = r, = rf,i = l,2,pjPk = q^qk = rjrk = Q,j ^ k), 
C*{E7) = C*(pi,p2,P3,9i,92,g32^|pi + 2p2 + 3p3 + qi + 2q2 + 8(73 + 2r = 4e, 
P*i =JPr = phi* =qt^ qf, i = 1, 3, r* = r = r'^,PjPk = q^qk = 0, fc), 
C*{Es) = C*{pi,p2,qi,q2, qz, qi, g5, ?'|2pi+4p2 + gi + 2g2 + 3g3-f4g4-|-5(75 + 3r = 6e, 
pI ^Pi ^Phl'j = Qj = Qj^r* ^r^r'^,i^ 1,2, j = l,5,piPm = qiq-m = 0, ^ ^ m). 
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Irreducible representations of the algebras above were classified in the series of 
works (see jJO), H], 0) and the description of dual spaces follows easily from 
the classification (see for example The dual spaces of C*-algebras presented 

above are the following: 

• for C*{D4) the dual space is the same as for ^2(1, 1; 1, 1; 1, 1) 

• for C*(Ee) the dual space is the same as for ^3(2, 1; 1, 1, 1; 1, 1, 1) 

• for C*{E'j) the dual space is the same as for ^4(2, 2; 2, 1, 1; 1, 1, 1, 1) 

• for C* (£^8 ) the dual space is the same as for (3, 3; 2,2,1,1; 1,1,1,1,1,1). 

Example 2. Generalizing the relations defined by one can consider the *- 
algebra: 

-Pq,/3 = <C{pi,P2,P3,Pi\a{pi +P2) + f3{p3 +P4) = I), 

where a, /3 > 0, a + /3 = 1. The case Pi 1 corresponds to D4. When a / /3, the 
dual space for C*(Pc<^^) is the same as for algebra: 

{/ e C{S^ AhiCWixi), f{x2) e Mi(C) ©Mi(C), xi, X2 € 5^}, 

it can be checked that the different pairs {xi,X2) give isomorphic algebras, see |1] 
for more details. 

Example 3. We can consider much more complicated relations using the algebras 
Pa.p from previous example. Construct the next algebra: 

Pe = C*(pi,p2,P3,P4,a,/3|Q!(pi +P2) + I3ip3 +P4) ^ I,a^ a*,f3 = f3* 

[a,pi\ = [(3, Pi] = [a, (3] =0, i = 1,4, a,f3>el, a + (3 ^ I), 

where < e < ^. Using the previous example one can describe the dual space for 
the Pe- We will see later that all algebras P^, £ G (0, 1/2) are isomorphic. 

Example 4. The group algebra for G — Z2 * Z2 gives an example of i^4-algebra 
corresponding to infinite discrete group. 

C*(Z2 *Z2) = C*(j>i,p2\pl=Pk=pl, fc = 1,2) := P2. 

1.3. Fibre bundles. All the necessary information about fibre bundles reader can 
find in ig. 

From the general theory of fibre bundles it is known that locally-trivial bundle 
is defined by its 7-tuple 

{E,B,F,G,p,{Vi}^^j ,{(l)i}^^j), where i? is a bundle space, B is a base, F is a 
fibre, G is a structure group, p : E ^ B is a projection, Vi is an open covering of 
base B and (pi : Vi x F p^^{Vi) are coordinate homeomorphisms. Note that in 
Vasil'ev's paper 14, coordinate and skew products are considered instead of locally 
trivial bundles. Coordinate product is a 7-tuple {E, B, F, G,p, {Vi}^^j , {4>ji}^ j^j), 
where — 4>J^ o (l)i\vinVj ■ (Vi H Vj) x F ^ (V^ fl Vj) x F are sewing maps. Every 
4>ji is uniquely determined by continuous map (which we also call sewing map) 
-.VinVj^G by formulae: (j>ji{x, /) = {x,'(l)ji{x) o /), \fx eViCi Vj. 
In this paper we consider only algebraic bundles, i.e. bundles with F ~ Af„(C) 
and G C U{n), where U{n) is a group of inner automorphisms of M„(C), i.e. group 
of unitary matrices U{n) factorized by it's center. Group U{n) is supposed to act 
on the M„(C) in the following way. Let g £ U{n) and g G U{n) is corresponding 
matrix, then g{m) — g*mg, m £ M„(C). If G is a subgroup of C/(n), we denote 
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by G the quotient of G by it's center. Sometimes we suppose sewing maps to 
have values in U{n), instead of U{n), one has to take a composition of with the 
canonical map of U{n) onto U{n). 

The following statements on triviality will be used below. 

Statement 1. (see Every locally-trivial bundle over n- dimensional disk £>" is 
isomorphic to trivial. 

Statement 2. (see 1 ) Every algebraic bundle over some compact subset of C is 
isomorphic to trivial. 

In this article by B{X, F, G) we denote some bundle with base X, fibre F and 
group G. The algebra of sections of bundle B is denoted by T{B). 

1.4. Structure of i^2n-C*-algebras. Next statement (Fell-Tomiyama-Takesaki 
theorem) gives a description of n-homogeneous C*-algebras in terms of algebraic 
bundles. 

Statement 3. (5SI;C31) svery n-homogeneous C* -algebra A there exists a 
bundle S(P(74), M„(C), t/(n)), such that A ~ r(;B), where P{A) is space of all 
pairly non- equivalent irreducible representations. 

Analogous result for non-homogeneous F2„-C*-algebras was obtained in Vasil'ev's 
work |14| . The following statement is the straightforward corollary from the main 
result of 

Statement 4. Let A be F2N-C* -algebra, having finite number of irreducible repre- 
sentations in dimensions 1, 2, . . . , iV — 1. Then there exist: 

(1) finite sets Xi, . . . ^Xj^^i, compact space X and open dense in X subspace 
X , such that X\X is finite, 

(2) a formal decomposition for all x G X\X : 

r 

X = y^^dkXk, 

fe=l 

where dk are natural numbers, Xk £ Xn^ and dkUk = -^V, such that two 
points from X\X coincide iff they have the same decomposition, 

(3) bundle B = B{X, Mn{C),U{N)) having niU{di) x ... x nrU{dr) as the 

structure group at the point x G ^\^, x = diXi + . . . + drXr (i.e. there 
exists a neighborhood C X , such that the structure group of bundle B 
reduces to niU{di) x . . . x nrU{dr) at the subspace Ox r\ X), 

such that algebra A can be realized as an algebra of N -tuples a = {a^^\ . . . ,0^^^), 

where a*-*^ : Xi > Mi(C), i ~ 1, — 1 are some functions and a^^^ £ r(S) is a 

section such that: 



lim a^^^x) = 



. 



\ 
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1.5. Bundles over 2-sphere. Recall, that fibre bundles over the sphere S are 
naturally classified by elements of the homotopic group 7rfc_i(G), where G is struc- 
ture group of bundle (see for example or "^). 

Bundles over 2-dimensional sphere with fibre Af„(C) are classified in in this 
case 7r([/(n)) ~ Z„. Let us give a sketch of this classification. 

Consider an atlas on 2-sphere, containing 2 charts : upper and lower closed 
half spheres (S*^ — W\ and S'i — W2 correspondingly). As sewing map 2 take 
continuous map V' : — > U{n). Construct a bundle B' with atlas {Wi, W2} and 
sewing map V . Two bundles B' and B" defined by sewing maps V and V" are 
isomorphic iff ind V' — ind V" — nl, I G Z, where ind V = (27r)~'^ [argdet V{t)]si 
is the winding number of the function V with respect to the circle. Define sewing 
maps: 

(1.1) Vfe : — y U{n),z ^ diag{z'', 1, . . . , 1), 0,n-l. 

Then the bundles Bn,k, k = 0,n — 1, defined by Vk are canonical representatives 
of all isomorphism classes. 

2. Enveloping C*-algebras, an examples. 

To give a description of C*-algebras for examples from Section 1, we need the 
following 

Theorem 1. Let 

(C))l 

/(O, . . . , 0) e Mrn, (C) © ... © Mrn, (C)}, 

Every C* -algebra A having the dual space same as L)'(mi, . . . , nik) is isomorphic 
to D\mi, . . . , mfc). 

Proof. We give proof when 1 = 2, fc = 2, nii = 7712 = 1, i.e. D^mi, . . . ,mk) = 
D^{1, 1) and realize as the unit disk in complex plane. For the general case 
proof is analogous. Let us introduce some notaion: 

Dlil, 1) - {/ e C{Dl M2(C))|/(0,0) e Mi(C) © Afi(C)} , 

where = {z e D'^\Qm{z) > 0} and ^ ^ D^\'^m{z) < O}, and let A+ be 
C*-algebra having dual space same as for D^. We have to prove that A+ ~ D^. 
The statementHimplies that there exists a bundle B+ = B+{Dl_\{0}, M2(C), U{2)), 
having C/(l) x U{1) as the structure group at the point 0, such that A^ is isomor- 
phic to the algebra of pairs: 

\{a',a")\a' = a'{x) G r{B+),a" £ Mi(C) © Mi(C), lim a'{x) = a"| . 
We suppose to be assigned by charts {Vfc}^,^^^, where 

Vk = [zeDl, JL<|,|<_L|. 

Sewing maps (l)k.k+i of the bundle B+ are {/i/clfcgpf, where /ifc : VkOVk+i — > U{2) 
are some continuous functions. 

The condition for B to have U{1) x U{1) as the structure group at the point 
implies that there exists p £ N such that fir{z) G U{1) x U{l),\/r > p. The fact 
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that U{2) and U{1) x U{1) are connected groups allows us to construct continuous 
maps 

W-Vk^ im, k<p 

and 

Ji^:Vk^ U{1) X U{1) , k>p 

such that 



e, zeVk-iOVk; 



Let us write sections of B+ explicitly: 

r(B+) 3a'^ {4} 

where : Vfe — > M2 (C) are continuous functions satisfying the condition of compat- 
ibility = l-ik{z) o (aj.(z)), z S nV^+i. So we write elements (a', a") G ^4+ 

as ({afe}feeN,a")- 

Let us consider the map: 

-4+ 9 ({o;,(2:)}fceN,a") ({71^(2;) o4(2;)}fegN,a")- 

One can check that the map is the isomorphism of algebras and D^(l,l). 
Analogously the isomorphism A- ~ 1) can be proved. 

Let us consider bundle B{D'^\{0}, M2(C) , U{2) ) having U{1) x [/(I) as the struc- 
ture group at the point 0, such that: 

A ~ Ua', a")\a' = a'{x) e T{B), a" G Mi(C) Mi(C), lim a' (a;) = a"| . 

The fact that and A_ are "trivial" allows us to suppose B to have only two 
charts: Wi = D+\{0} and W2 = D'i\{0} and one sewing map /zi,2 : [-1, 1]\{0} ^ 
U{2) such that 3£o > : Vz e (-eo, 0) U (0,£o) n{z) G [/(I) x As before, by 

connectivity of U{2) and U{1) x f7(l) we construct continuous map Jb : Wi — > J7(2) 
possessing a values from ?7(1) x U{1) in O(eo,0) = {2; G £>+,0 < \z\ < £0} such 
that V2 G Wi n W2 : 77(2) = /xi,2(2). 

As before we have an isomorphism given by Ji: 

A B {{a[{z),a'2{z)}, a") ^ mz)a[{z), 4(z)}, a") G D\1, 1). 
The proof is completed. □ 

Remark 1. One can regard the theorem above as a certain generalization of the 
Statement 1. Indeed we have a C*-algebra identically defined by it's dual space. 

As before, let 

k 

^^rrij = n, rrij € N,j = l,k 
3=1 

and set 

B„,p(mi, . . . ,mfe) = {/ G T{Bn,p)\f{x) G M„,(C) 8 • • • 8 M„,(C)}, 

where x G 5^ is fixed point (we consider x to be covered only by one chart). 

Next theorem is basic to study the structure of C*-algebras corresponding to 
Dynkin diagrams. 
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Theorem 2. If li = I2 {mod{mi, . . . ,mk) ), then 

(2.1) Bnjiimi, . . .,mk) ~ Bn^u_{mi, . . . ,TOfc) 

(here {mi, . . . , m^j) denotes the greatest common divider of mi, . . . , m^j 

Proof. Let us realize elements of algebras Bn,p{mi, . . . ,TOfc) as sections of corre- 
sponding bundles Bn^p (here p — h or p — I2): 

B„,p(mi, . . . ,mfe) - {(A, /2)|/, e C{D^ ^ M„(C)), 

/i(z) = i;*(z)/2(z)yp(z), |z| = l, /i(0) G A'V(C)©...®M„,(C)}, 

where Vp are defined by (|1.1|) . 

Condition li = I2 {mod{mi, . . . , mk) ) implies that 

3ci, . . . , Cfe e Z : cimi + . . . + c^mA; = - h- 

Let i7(t) = e'2'^cit£'„^ © . . . © e'^'^'^^'S™^ e U{n), where denotes the mxm- 
identity matrix. Construct the map H : — > U (n) by the rule : 

^ 1„. 

Nevertheless is not continuous in 0, it is easy to check that H defines an 
isomorphism : 

i?„,z,(mi,...,mfe) 3 ifiiz),f2iz)) ^ (iJ*(z)/i(z)i/(z), A) £ r(S:,;J. 

The bundle B'^^ is defined by the sewing map Vl_^{z) — H* {z)Vi-^{z). The equality 
ind V/^ — ind Vi^ gives an isomorphism 1)2. l|l . □ 

Remark 2. The converse statement to the Theorem 2 takes place. We will not use 
it below, so we don't give proof. 

Remark 3. One can easily prove the following generalization of theorem 2: if we 
"fix" sections of bundles Bn.ii and Bn^i2 in a few points in block matrices (with equal 
dimension of blocks for both bundles in every point) and suppose that all blocks are 
of dimensions mi, . . . , mk, then li = I2 {modimi, . . . , mk) ) implies isomorphism of 
corresponding algebras of sections. 

Let us return to our examples of finitely generated F2„-C*-algebras (see prelim- 
inaries). 

Proposition 1. For C* -algebras associated with extended Dynkin diagrams one 
has the next isomorphisms: 

C*{Di)^A2[l,l; 1,1; 1,1), 

C*{%)^A:,{2,1; 1,1,1; 1,1,1), 

C*(:B7)^ ^4(2,2; 2,1,1; 1,1,1,1), 

C*(S;) ~ ^6(3,3; 2,2,1,1; 1,1,1,1,1,1). 

Proof. Let A denotes C*{D4). We can consider this algebra to be realized by 
functions on the 5*^ with values in matrices of corresponding dimension, not nec- 
essary continuous yet. We can find a covering of S"^ by closed subsets Wj ~ 
such that every Wj contains only representations in main dimension or contains 
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one point with reducible representation of main dimension. Consider the "restric- 
tions" A{Wj) of algebra A onto subsets Wj (i.e. factor-algebras A/I{Wj), where 
I{Wj) = {/ G A, fliY- = O}), then use Theorem 1 to realize every A{Wj) as sec- 
tions of some algebraic bundle, i.e. everyone of v4(Wj) coincides with one of the 
Bn.ii'fTT'i: ■ ■ ■ T^k) (possibly with TOi = n, m2 = . . . = = 0). 

Different A{Wj) are "sewed" by some continuous maps, which we use to construct 
the bundle Bn,i such that algebra A is isomorphic to Bn^iimi, . . . , ruk)- Theorem 2 
shows that we can suppose ^ = 0. □ 

Proposition 2. Enveloping C* -algebra for Pa.p is : 

C*{Pa.j3) - {/ e C{S^ M2{C))\f(x,), f{x2) e Mi(C) ® Mi(C), xi, X2 e S''} 

Proof. See the proof of previous theorem. □ 

The following example of enveloping C*-algebra is considered in _15 . One can 
get the result of using our Theorem 1. 

Proposition 3. Enveloping C* -algebra V2 for free pair of projections (see^ is : 
V2 = {fe Ci[0, 1] Af2(C))|/(0), /(I) are diagonal }. 

Proof. As in previous case, we realize this algebra by sections of some bundle over 
[0, 1]. By statement 1 all bundles over [0, 1] are trivial. □ 

All the constructions above in the paper, including Statement 01 can be gener- 
alized to prove the next proposition: 

Proposition 4. Enveloping C* -algebra for P^ {example\^ has the form: 
Pe^{fe C{S^ X / ^ M2(C))|/(a;i,l/2), f{x2,t), f{x^,t) e Afi(C) © Afi(C), 

i e /, xi, X2, e S^}. 

Proof. Here we use the fact that the theory of algebraic bundles over S'^ x / is the 
same as for S*^. Then the proof of Theorem 2 should be transferred from S"^ to 
S'2 X /. □ 

Remark 4. The definition of triviality for homogeneous C*-algebras can be gener- 
alized. One can define F2Ar-C* -algebra satisfying conditions of the Statement 01 to 
be trivial iff it is isomorphic to the -F2Af-C'*-algebra with the trivial corresponding 
bundle B{X, Afjv(C), U{N)). Then all propositions above state the triviality of C*- 
algebras under consideration. Example of non-trivial non-homogeneous C*-algebra 
one can construct by "fixing" sections of bundle B^^i in the 2 x 2-block matrices in 
one point, it is also an example of algebra that is not defined by the dual space. 
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